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Abstract 

We examine the CP properties of chiral gauge theory defined by a formulation 
of the domain wall fermion, where the light field variables q and q together with 
Pauli-Villars fields Q and Q are utilized. It is shown that this domain wall repre- 
sentation in the infinite flavor limit N = oo is valid only in the topologically trivial 
sector, and that the conflict among lattice chiral symmetry, strict locality and CP 
symmetry still persists for finite lattice spacing a. The CP transformation generally 
sends one representation of lattice chiral gauge theory into another representation 
of lattice chiral gauge theory, resulting in the inevitable change of propagators. A 
modified form of lattice CP transformation motivated by the domain wall fermion, 
which keeps the chiral action in terms of the Ginsparg- Wilson fermion invariant, is 
analyzed in detail; this provides an alternative way to understand the breaking of 
CP symmetry at least in the topologically trivial sector. We note that the conflict 
with CP symmetry could be regarded as a topological obstruction. We also discuss 
the issues related to the definition of Majorana fermions in connection with the 
supersymmetric Wess-Zumino model on the lattice. 



1 Introduction 



It has been recently shown that CP symmetry in chiral gauge theory |T|, ^|, |3] and also 
the Majorana reduction in the presence of chiral symmetric Yukawa couplings [§]] have 
a certain conflict with lattice chiral symmetry, doubler-free and locality conditions in 
the framework of Ginsparg- Wilson operators [j5|| — 1 19H . There exists a closely related for- 

p6| . In one 



mulation of lattice fermions which is called the domain wall fermion IEDI 
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representation of the domain wall fermion in the infinite flavor limit, the domain wall 



fermion becomes identical to the overlap fermion |27|, ^8], |29| and thus to the Ginsparg- 
Wilson fermion. In such a case, the conflict with CP symmetry in chiral theory naturally 
persists if one uses the conventional representation of Ginsparg- Wilson fermions. There 
are however other representations of the domain wall fermion when discussing chiral sym- 



metry [21, 22, 24], and in those representations (and also in the conventional overlap 
fermion |2"9|), the conflict with CP symmetry is less obvious. It is therefore desir- 

able to examine in detail how the conflict observed in the framework of Ginsparg- Wilson 
fermions persists in the domain wall fermion. 

We analyze this issue in a formulation of the domain wall fermion where the light field 



variables q and q together with Pauli-Villars fields Q and Q are utilized [p2| |23j [24J . To 
make this analysis as definite as possible, we concentrate on the infinite flavor N = oo limit 
of the domain wall fermion, where chiral symmetry is well-defined. It is shown that this 
representation of the domain wall fermion is valid only in the topologically trivial sector 
and that the conflict with CP symmetry persists. We also analyze in detail a modified 
form of lattice CP transformation motivated by the domain wall fermion, which keeps the 
chiral action in the Ginsparg- Wilson fermion invariant, and show that CP symmetry is 
still violated. In the analysis of CP symmetry, it turns out that topological considerations 
play an essential role and, in fact, the conflict with CP symmetry could be regarded as a 
topological obstruction. 

In connection with the definition of Majorana fermions and its application to super- 
symmetry, we note a possibility of replacing the Pauli-Villars fields in the domain wall 
formulation by the auxiliary field in the Wess-Zumino model. In fact this formulation 



agrees with a past suggestion [|], [3(J of the Wess-Zumino action in terms of the Ginsparg- 
Wilson operators. 

In this paper we take as a basis of our analysis a hermitian lattice operator defined by 

H = a^D = = aD^ 5 (1.1) 

where D stands for the lattice Dirac operator and a is the lattice spacing. The Ginsparg- 
Wilson operator is then defined by the algebraic relation 

l5 H + H l5 = 2H 2 (1.2) 

and its solution agrees with the overlap operator p] (and its variants). 

Although the above simplest form of the Ginsparg- Wilson relation is relevant to our 
analysis of the domain wall fermion, the generality of the conflict with CP (or C) symmetry 
is best understood if one considers a more general algebraic relation || 

l5 H + H l5 = 2H 2 f(H 2 ) (1.3) 

where f{H 2 ) is assumed to be a regular function of H 2 and f(H 2 y = f(H 2 ): f(x) is 
assumed to be monotonous and non-decreasing for x > 0. The explicit construction of 
the operator D is known for f(H 2 ) = H 2k with non-negative integers k [ITS, nil, and 



k = gives rise to the conventional Ginsparg- Wilson relation [17] . In our analysis of CP 
symmetry, the operator defined by 

r 5 = 75-#/(# 2 ) (i.4) 
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or 7 5 r 5 plays a central role. This operator satisfies the relation 

T 5 H + HT 5 = (1.5) 

and 75r 5 vanishes for some momentum variables inside the basic Brillouin zone. 

This vanishing of 7 5 r 5 is shown on the general ground of locality and species doubler- 
free conditions of H. We here briefly illustrate the basic reasoning, since it is closely 
related to the basic issue of the domain wall fermion: One can confirm the relation 

lb H 2 = ( 75 # + H l5 )H - H( l5 H + H l5 ) + H 2 lb = H 2 lb (1.6) 

which implies H 2 = r )^H 2r y^ ) and thus DH 2 = H 2 D. The above defining relation (1.3) is 
also written as 

7 5 # + #75 = 0, l5 D + D% = (1.7) 

and 7I = 1 where 

% = lb -2Hf{H 2 ). (1.8) 

We note that 

^7 5 r 5 - 7 5 r 5J D = o (i.9) 

and also the relation 

75^75 = 15^1 - 75^75 = 75(75^ + r 5 7 5 ) - 7 5 r 5 7 5 

= 7 5 (7 5 r 5 ). (1.10) 

We now examine the action defined by 

S= f^D,p = J2a 4 ^(x)D(x,y)iP(y) (1.11) 

x,y 

which is invariant under the lattice chiral transformation 

5ip = ie%ip, 5iJj = ipie^. (1-12) 
If one considers the field re-definition 

g = 7 5 r 5 ^, q = i> (1.13) 

the above action is written as 

S = jiB-L. q (1.14) 
which is invariant under the naive chiral transformation 

Sq = l^Sij) = 7 5 rVe7 5 ^ = ie~f 5 q, 

5q = qie^ b . (1.15) 
This chiral symmetry implies the relation 

{*.^} = 0. ("6) 
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On the basis of the standard argument of the no-go theorem, Dj (75^) and thus l/(7 5 r 5 ) 
has singularities inside the Brillouin zone for local and species doubler-free H = a^^D. In 



fact it is shown that fllS 



r 5 = o (1.17) 

just on top of the would-be species doublers for f(H 2 ) = H 2k with non-negative integers k 
in the case of free fermions and also for the topological modes in the presence of instantons. 



See also Appendix. The field q, which plays a central role in the domain-wall fermion [pi 
P^| , is thus ill-defined for these configurations. 

It is shown that the domain wall variables q and q in the infinite flavor limit satisfy the 
normal charge conjugation properties as well as the continuum chiral symmetry, though 
they are defined in terms of the non-local action. Moreover, one can re-write all the 
correlation functions for q and q in terms of the local variables by using q = 'jsT^ 



and q = ij) [24|. One might thus naively expect that we do not encounter any difficulty 
associated with CP and charge conjugation properties. The purpose of this paper is to 
clarify this and related issues. 

2 Domain wall fermions and CP transformation 
2.1 Chiral properties 

The domain wall fermion is defined by a set of coupled fermion fields PU| , 21 1 
a 5 C DW = [(7 5 a 5 iJ w + l)^i - P-^2 + ^P+^n] 

N-l 
i=2 

+$N [(l5a 5 H w + 1)Vjv + fiP-fpi ~ P+^N-l] (2.1) 
where is chosen to be a positive even integer, and 

H w = 75 (Ay - ^) (2.2) 

with the Wilson fermion operator (with the Wilson parameter r = 1) and < mo < 2; 
a 5 is the lattice spacing in the fifth (or "flavor") direction. Note that = if w . We use 
the conventional chiral projection operators 

P± = (2-3) 

The parameter \i is chosen to be \x = for the domain wall variables and n = 1 for the 
Pauli-Villars variables to subtract heavy fermion degrees of freedom. After performing 



the path integral over all the fermion variables one obtains [23, 25 



det [75(1 - a 5 H w P„)} N det (P_ - pP+) - T~" (P+ - (2.4) 



—N 1 
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where the transfer operator is given by 

1 



T 



with 



U 



1 + a 5 H w P+ 
-1 



'1 - a 5 H w P_] 



i + n 



w 



w 



-a^Hyy = CI5-P 



1 — 7^w 

-1 



2 + a 5 if W 7 5 " J " vv " J " W 2 + 7 5 a 5 if w ' 

Note that both of P\y and Hw are hermitian. If one subtracts the contributions of heavy 
fermions (by setting /i = 1) from the above determinant with // = 0, one obtains the 
"truncated" overlap or Ginsparg- Wilson operator Dn 



(2.5) 



(2.6) 



det aD 



N 



det (P_ - T" iV P + ) / det (P_ - P+) - T~" (P+ - P_ 



—N 1 



det 



1 + 75 



1 — T 



AT' 



1 + T 



(2.7) 



where a is the lattice spacing in the four dimensional Euclidean space, and the effective 
Lagrangian for the physical fermion 



C = ijjD N ijj. 



(2.1 



Note that Pat is well-defined for N = even and a$/a <C 1, since HasPwII < as/a, and T is 
a well-defined hermitian operator. 

On the other hand, if one defines the light fermion degrees of freedom by |2~T | 



«5 



-(P_V>i + P+V*), 



q = iJiP+ + iJ N P- 



(2.9) 



and integrates over all the remaining degrees of freedom in eq. (2.1), one obtains af- 
ter subtracting the heavy fermion contributions by the Pauli-Villars bosonic spinors Q 
and Q J24j, 



C 



DW 



q^D e ^q + Q(l + a 5 D^)Q 



D 



Q 



N 



1-aD 



-q + Q- 



N 



aD 



-Q. 



(2.10) 



iv 



If one performs the path integral over all the variables, one obtains the same result det D^ 
as above. We denote this Lagrangian (and its N = 00 limit) by £dw hereafter. 
If one takes the infinite flavor limit N — > 00, one obtains (in the limit 0-5 — > 0) 



D 



N 



D 



2a 



1+75 



H- 



w 



H w, 



(2.11) 



which gives the Neuberger's overlap operator satisfying the simplest Ginsparg- Wilson 
relation 75P + P75 = 2aD^ 5 D. In this limit we can write the domain wall fermion as 



C 



DW 



qD-^—q + Q-^—Q 



75 r 5 
5 



75r 5 



(2.12) 



which is valid for a general class of Ginsparg- Wilson operators. In our analysis of CP and 
related problems, we utilize this N = oo expression. 
We here note that 

W T N -1\ 

1 - Q D N = - j^l + ItTj^jJ ^ (2.13) 

since 

< 1 (2.14) 

for finite even N and sufficiently small a$/a. Consequently, D^/ (l — aD^) is a well-defined 
and local operator (see Ref.[]39[ for the locality of Djv), and 

7 5) ^^}^0 (2-15) 





1 


T N + 


1 



1 — clDn 

since with finite N does not satisfy the Ginsparg- Wilson relation. On the other hand, 
the N = oo expression satisfies 

^T^} = ° (2 - 16 > 

and thus the operator 1/(1 — aD) becomes singular. It is interesting that good locality 
(analytic property) and good chiral symmetry for the operator Dn/(1 — aD^) are traded 
in the limit N = oo. 

The locality of D^/{1 — aD^) is understood intuitively, since the defining Lagrangian 
of the domain wall fermion for finite N couples iV fields by the operator Hyj, which 
causes correlation over the finite distances ~ Na in 4-dimensional Euclidean space. In 
the limit N —>■ oo, the operator D/(l — aD) could thus become non-local. By subtracting 
the contributions from far apart fields with the parameter jj, — 1 in the defining La- 
grangian, the Pauli-Villars fields Q and Q could restore the locality: In fact, the singular 
factor 1/(1 — aD) is canceled by the Pauli-Villars fields. 

The explicit expression of the Lagrangian for chiral gauge theory is not specified by 
the domain wall prescript ion, EH since precise chiral symmetry is not defined for finite N. 
It is however natural to analyze chiral theory based on the above correspondence to the 
Ginsparg- Wilson operator 

J VipVip exp ^ tpDtl?j 

= J VqVqVQVQ exp ( J QD-L-q + J Q^rQj ■ (2-17) 

We first note 

D = P + DP_ + P_DP + (2.18) 

with 

p ± = (2.19) 



1 See, however, ref. [E6| 
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and (by using the relations such as P±P± = P±l^b and 75r 5 P ± = P±75r 5 ) 
P_ = P_P_ 

75r 5 75r 5 

= p_-^—p_p_p_ 
75r 5 

= P-^P-P-7 5 r 5 . (2.20) 

75J- 5 

We then have the chiral Lagrangian 

C L = J i)P+DP_i) 

= J qP + D w/~ q (2 - 21) 



with 



q(x) = 7 5 r 5 ^(x), 

q(x) = $(x) (2.22) 

and 

i> L = P^ = P_-L-P_(P_q) = P_-L-P_q L , 

$ L = ^P + = qP + = q L . (2.23) 

The path integral is then given by taking the Jacobian associated with the above change 
of variables into account, 



J Vtp L Vip L exp (y ipP+DP-ip 
= J Vq L Vq L VQ L VQ R exp ^ J qP+D^-P.q + J QP_^-P_Q^ (2.24) 
where we defined the bosonic Pauli-Villars spinors 



Q L {x) = P-Q(x), 

Q R (x)=Q(x)P_. (2.25) 



This is consistent if one recalls 



D-^— = P + D-^—P_ + P_D-^—P + , 

7 5 r 5 7 5 r 5 7 5 r 5 

"4" = p -~jr p - + p +-^rP + - (2.26) 

75 r 5 75 r 5 75 r 5 
7 



The chiral transformation laws of various fields are defined by 



i> - 




Q - 




Q - 


-> e ia ^Q, 



Q -> Qe - ^ 5 (2.27) 
and, similarly, the fermion number transformation by 

ijj — ► ^e* a , 

g - ge ia , 







g - 




Q - 





g -> g e ia . (2.28) 

These transformation rules are fixed if one formally gauges those degrees of freedom. 

Based on this formulation of chiral gauge theory, we make the following observations: 
(i) One may take the Ginsparg- Wilson variables ip and ?/>, which are defined by a local 
Lagrangian, as the primary variables. One may thus add the source terms to both hand- 
sides of the path integral 

^source = Vr4>L + ^Lim 

= fj R P-ip + ^P+r] R 

= f)nP--^P-(P-<l) + qP+VR- (2-29) 

To avoid the singularities appearing in various expressions for domain wall variables, one 
needs to work in the functional space without the modes 

T 5 <p n = (2.30) 

in the domain wall representation. We here recall that the index for the Ginsparg- Wilson 



operator is given by |8L GL pll 32 



Tr r 5 = n + - n_ = AL - iV+ (2.31) 

where n± stand for the modes H<p n = aj5D<p n = with 7sy9 n = ±(p n , respectively, and 
N± stand for the modes T 5 ip n = [75 — Hf(H 2 )]ip n = with 75^™ = ±<p n , respectively. 
See Appendix. The constraint N + = AL = thus implies that we work in the topologically 
trivial sector with TrT 5 = 0. This constraint is consistent with the above fermion number 
transformation: For the Ginsparg- Wilson variables, we obtain the Jacobian factor! 

In Jj/j = io. Tr P — ia Tr P + = —ia Tr (2.32) 

whereas for the domain wall variables q and q, we obtain 

In J q = ia Tr P_ — ia Tr P + = —ia Tr 75. (2.33) 



2 The path integral for chiral non-Abelian gauge theory has not been completely understood yet. But 
the chiral U(l) anomaly and associated index are insensitive to the details of the path integral measure. 
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We thus have Tr T 5 = Tr 75 = 0. 

(ii) One may take the domain wall variables as the primary variables and add the source 
terms 

^source = VrQL + QlVR 

= fj R P-q + qP+riR 

= f] R P_-f b Y b ^ + 4>P+r) R 

= f) R P-^ L + ^ L r]R (2.34) 

where we used P_7sT5 = P_P_. One might attempt to interpret the chiral domain 
wall representation with these source terms in the following way: In any fermion loop 
diagram such as in the determinant factor, we combine the variables q, q and Q, Q 
together and obtain the determinant without the 1/(75^) factor. For the external fermion 
lines connected to the source terms, we use the variables q^ and q^ by replacing those 
variables later by P-ipL and ipL- By this way, we do not encounter any singularity even in 
topologically non-trivial sectors. This is perhaps the simplest view based on the domain 
wall fermion. This view however has a fatal difficulty in topological properties, namely, 
one cannot generate the fermion number anomaly by a transformation of variables q^ 
and q~i alone 

In J q = ia Tr P — ia Tr P + = —ia Tr 75 = (2.35) 

if one works in the complete functional space in topologically non-trivial sectors. We thus 
have to exclude the modes T§ip n = by hand, for example, but we may still work in all 
the topological sectors on the basis of the domain wall variables qi and qi- In this case, 



the topological properties are maintained since one can confirm [33 



Tr'75 = n + — ri- (2.36) 

where Tr' is taken in the functional space with the modes T 5 ip n = excluded. This 
index relation has the same form as in continuum theory |3"4" |. This exclusion of the 
modes T 5 ip n = is consistent with the replacement q — > ^T^ip since the factor 7 5 r 5 
projects out those modes |TI], |35[. This operation is however apparently non-local.@ 

Based on these considerations we conclude that the domain wall fermion representation 
in the limit N = 00, where chiral symmetry is well defined, is valid as a local field 
theory (in the above interpretation) only in the topologically trivial sector with Tr T 5 = 0. 
The primary variables, which describe the full physical contents expressed by various 
correlation functions in topologically trivial as well as non-trivial sectors, are thus given 
by the Ginsparg- Wilson fermions ipL and ipi, and hereafter we analyze the domain wall 
representation in the topologically trivial sector with the source terms (2.29) added. Note 
that source terms specify the correlation functions, and the component P+ipL is missing in 



3 The exclusion of the modes Y^ n {x) — in all the topological sectors is apparently a non-local 
operation in spacetime, though it is a local operation in the "mode space" , since the functional value 
of (p n (x) is fixed over the entire space once its value at one point is fixed. The exclusion of the modes 
Y§ip n {x) — by hand corresponds to the exclusion of would-be species doublers by hand. 
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(2.34); to maintain the consistency of internal and external fermion lines, which is related 
to unitarity, we need to use the source (2.29). 

In passing, another interesting representation, which is equivalent to the domain wall 
fermion, is given by 



by noting 



J Vif) L Vi/j L exp (J if)P + DP-if? 

= J Vq L Vq L VS L VS R exp ( J qP + D-^-P_q + J SP->y s r 5 P_s\ (2.37) 

where we defined the fermionic auxiliary fields 

S L (x) = PS(x), 

S R (x) = S(x)P_ (2.38) 

P + DP_ = (p+D^-P.^j (P_ 75 r 5 P-) (2.39) 
and 

7 5 r 5 = P-7 5 r 5 P- + P + 7 5 r 5 P + . (2.40) 

The vector-like theory is then defined by 

J VipV^p exp (J 4>Dij?J 

= J VqVqVSVS exp ( J qD-^q + J Sj 5 T 5 s) . (2.41) 

This representation is applicable only to the topologically trivial sector, but it turns out 
to be convenient when we discuss Majorana fermions in the domain wall representation 
later. 



2.2 CP symmetry in chiral gauge theory 

We recall the charge conjugation properties of various operators. We employ the conven- 
tion of the charge conjugation matrix C 

CYC' 1 = -{Yf, (2.42) 

C^C- 1 = 7s T , (2.43) 

CtC =1, C T = -C. (2.44) 

We then have! 

wd^w- 1 = d(u) t , Wj^u^w- 1 = [ 75 r 5 (t/)] T , 

4 We define the CP operation by W = C70 = 72 with hermitian 72 and the CP transformed gauge 
field by C/ CP , and then WD(U CP )W~ 1 = D(U) T . If the parity is realized in the standard way, we have 
CDiU^C- 1 = D(U) T . 
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WH(U CP )W- 1 = -[ 75 #(£/) 75 ] T , WH 2 {U QF )W- 1 = [H 2 (U)} T , 
WT b {U CP )W- 1 = -[ l5 r s (U) l5 ) T , 

WiY./Y^U^W- 1 = -[( 75 r 575 /r)(f/)] T (2.45) 

where 

r = \/ri = v / (75r 5 75) 2 = y/i- h*P(h*). (2.46) 

Here we imposed the relation WDiU^W' 1 = D(U) T or [CD(U)f = -CD(U C ) which 
is consistent with the defining Ginsparg- Wilson relation. 
We also have the properties 



w%(u CP )w- 1 = -[ l5 %(U) l5 f 
W W' 1 

7 5 r 5 (^ CP ) 



2.47) 



We now examine the CP symmetry in chiral gauge theory 

C L = 4> L Dtp L (2.48) 
where we defined the (general) projection operators 

D = P L DP L + P R DP R , 

^l,r = Pl,r^, ?Pl,r = ?PPl,r. (2.49) 
Under the standard CP transformation! 

i> -> ip T w } 

if; -> -W~W (2.50) 

the chiral action is invariant only if 

WPlW' 1 = Pi, WPlW' 1 = P[. (2.51) 

It was shown elsewhere that the unique solution for this condition in the framework of 
the Ginsparg- Wilson operators is given by 

P L ,R = \{lTV,/Y) ) 

Pr,fl = i(l±75r 5 75/r), (2.52) 

but these projection operators suffer from singularities in 1/T. Namely, it is impossible 
to maintain the manifest invariance of the local and chiral Lagrangian under the CP 
transformation |], H|.i 



J The vector-like theory is invariant under this CP transformation. 

6 This however shows that one can maintain manifest CP invariance, if one ignores the singularities 
associated with 75 T 5 = 0. 
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If one stays in the well-defined local Lagrangian 

Jc L = J $P+DP-1> 
it is not invariant under the standard CP transformation as 



;2.53) 



WP±W^ = Pl + p+(u), 



WP±(U CP )W 



1 =F [7575(^)75]" 



75^(^)75 ^ F%, 



T 



WP + D{U CP )P_(U CP )W- 1 \ = l5 P+{U) l5 D(U)P„ 
= P + D(U)P-(U) - D(U)[ l5 - r 5 (c/)] ^ P + DP_. 

Since one can show that 



(2.54) 



(75-P±75) (t6-P±Ts) = (75-P±75j , 
D = (75^+75) DP. + (75P-75) DP+ 



(2.55) 



the CP transformation actually maps one specific representation of chiral gauge theory 
to another representation of chiral gauge theory 



C 



il>P + D(U)P-{U)1> 



i, lb P + {U) lb D{U)P^ 



(2.56) 



based on the same vector-like theory defined by the lattice operator D. 

It may be appropriate to recall here the essence of our previous analysis ||. The 
functional space in our problem is naturally spanned by the eigenf unctions of the basic 
hermitian operator H = a^^D 

Hip n = \ n ip n . (2.57) 

However this eigenvalue equation is gauge covariant as are all the quantities in the gauge 
invariant lattice regularization. To accommodate the gauge non-covariant quantities such 
as a consistent form of anomaly, one defines the path integral in a specific topological 
sector specified by M by 



Z M {U) = exp [v& M ({w n \v m }; (w n \v m ))) J \\da n dai exp 

n,l 

where we expanded fermionic variables as 

P-ip = a„w n , 

n 

4>P+ = a n w n . 



(2.5* 



The basis vectors {w n } and {w n }, which satisfy 



P-W r 



W r . 



W„P- 



n 1 + 



UK 



(2.59) 



(2.60) 
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are suitable linear combinations of {(p n } and {<^}, respectively. The "measure factor" $ M , 
which is the Jacobian for the transformation from ideal bases {v n } and {v n } to the bases 
specified by H and thus crucially depends on the ideal bases,Q is not specified at this stage 
and it is later determined by imposing several physical conditions. 

When one considers the change of fermionic variables which formally corresponds to 
gauge transformation, ip — > ijj' and ip — > xp', the expansion coefficients with the fixed basis 
vectors are transformed as {a n } — > {a' n } and {a n } — > {a' n }. Since the naming of path 
integral variables does not matter, one obtains the identity 



exp [id M ((w n \v m ); (w n \v m ))] / n da n da; exp 



n.l 



exp [i'&M ((wn\v m ); (w n \v m ))} J J|da^da;exp J £(ip' \U) 

n.l 



(2.61) 



In this form of identity, the Jacobian of path integral measure gives a lattice version 
of covariant anomaly and the variation of the action gives the divergence of covariant 
current. The gauge covariant fermion number anomaly is naturally derived in this way. 

If one performs the simultaneous gauge transformation of the link variables U in the 
above path integral Zm{U), the action becomes invariant but one needs to take into 
account the variation of the measure factor fo?Af((w n |?; m ); (w n \v m )) induced by the gauge 
transformation of U. This variation S'&m converts the covariant anomaly to a lattice 
form of consistent anomaly, which is one of the requirements on the measure factor. 
In the anomaly-free theory, 5$m should completely cancel the non- vanishing Jacobian 
arising from lattice artifacts. The current associated to S^m should be local and satisfy 
several other requirements: The existence proof of such a measure factor amounts to 
a definition of lattice chiral gauge theory |II|-|If^|. 



A characteristic property of the Ginsparg- Wilson algebra is that among the eigen- 
functions of Pap n = \ n (p n the eigenstates corresponding to zero modes and also those 
eigenstates corresponding to the largest values of |A n | are chosen to be the simultaneous 
eigenstates of 75, and that those states corresponding to the largest values of |A n | are 
annihilated by T 5 ip n = 0. By noting 

1 ±7k 

P± = = Pt ± T 5 (2.62) 

P± is replaced by P T when acting on the modes annihilated by T 5 . We also have the 
chirality sum rule arising from Tr7 5 = 0, n + + iV + = n__ + iV__, where n± and N± stand 
for the numbers of zero modes and largest eigenmodes with chirality ±, respectively. 
See Appendix. 

In terms of the eigenfunctions of the basic operator H, one can describe the change of 
the action under the standard CP transformation as follows: One starts with 

j C = J 4)P + D{U)P_{U)%1) (2.63) 



'The measure factor is thus chosen to be a constant for the ideal bases. 
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which is characterized by 

^ = {n + )> n + -n_=TrT 5 (U). (2.64) 

Here we write only the number of simultaneous chiral eigenstates explicitly, since the same 
number of eigenstates belonging to other eigenvalues are included in if) and ip. The CP 
conjugate theory is defined by 

j£° P = J i> CP P + D(U CP )P4U CP )il) CP (2.65) 

which is characterized by 

^ = (^|p) , ^ CP = (^p) , nf -- CP = Trr 5 (0 = -TrT B (U). 

(2.66) 

A regular re-naming of fermionic variables in £ CP 

^ CP = t/j'w, V CP = -W~ lr ip' (2.67) 

gives rise to 

JC CP = J $ l5 P + {U) lh D{U)P^' (2.68) 

which is characterized by 

^=(^I^p)> ^=(^1^.), <-nl = Trr B (tO. (2.69) 

This analysis suggests that we may define the CP transformed theory by means of the 
chiral theory defined by projection operators P_ and 75-P+75. It is shown that this is in 
fact consistent including the measure factor ||. 

When one compares the original theory to the CP transformed theory, the topological 
index is identical for these two theories. Although the number of heaviest modes is 
different N'_ = iV_ 7^ iV + in general, one may expect that these two theories when 
summed over all the topological sectors give rise to an identical result. After all, it should 
not matter how one chooses a specific chiral projection of the original vector-like theory 
specified by D, as long as it is not singular. (The continuum limit is expected to be 
identical, if it is well-defined.) This expectation is in fact born out by a detailed analysis, 
and the difference N'_ 7^ iV + is taken care of by suitably choosing the weight factors 
for different topological sectors when summing those sectors 0. The different actions 
however give rise to different propagators (for finite a) 

(M*)Mv)) = P-^ p + - ^-75^+75 ^ P-^P+ (2.70) 

which manifest CP breaking in this formulation. From this view point, if one chooses 
projection operators for which the chiral theories before and after CP transformation 
coincide, one inevitably encounters a singularity in the topologically non-trivial sector 
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because of N'_ ^ N + . The conflict with CP symmetry could thus be regarded as a 
topological obstruction. 

The CP non-invariance in the action level persists in the domain wall representation 

C L = f qP + D-^-P_q + / QP_J-P_Q. (2.71) 

A natural definition of CP transformation is 

q -> q T W } 

q -> -W~ x f, 

Q -> Q T W, 

Q -> -W^" 1 ^. (2.72) 

This transformation leaves the vector-like theory invariant up to the overall signature of 
the second term in eq. (2.17), which is immaterial.i We note that one cannot keep Q 
and Q invariant under CP since the gauge field is transformed under CP by 



W W~ 

7 5 r 5 (t/ CP ) 



7 5 r 5 (£0 



(2.73) 



The part containing the field q and q in the above chiral Lagrangian is invariant under 
the CP transformation, but the part containing Q and Q is not invariant under the CP 
transformation 

( W p_J- P _wA = P+ ^_ 75 p +75 = P_^P_ + 75 ^ P--^P- (2.74) 

V 75r 5 / 75r 5 75r 5 75r 5 

The conflict with CP symmetry persists as far as the invariance of the action is concerned. 
We recall that Q and Q are essential to maintain the full physical contents described by 
the variables ip an d V*. To analyze the effects of CP violation in the sector of Q and Q 
precisely, we discuss a modified CP transformation for ipL and ipi in the next section, 
which includes the effects of both of q, q and Q, Q. 

As we noted above, this CP transformation is regarded as a change of representation 
specified by P± and P± to another representation specified by 75-P±75 and P±. To be 
specific, we have 

75 P +75 = ( l5 T 5 )P + P + f-^-J 75 P +75 , 

^75^+75 = $(r/ 5 T 5 )P + P+ ( ] 75 P + 75 = qP+P+ ( J 75^+75, 



rrXrJ " " V"-. 1 '- 

,75r E 



C = $ lh P +lh DP_^ = qP + \^—\ DP-q (2.75) 



8 One may define a transformation law Q — > W 1 Q T : for example, to keep the action invariant. In 
this case, however, the CP transformation applied twice gives rise to Q — ► —Q and Q — > —Q. 
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where we defined 

g = ^ 75 r 5 , q = ip. (2.76) 

We thus have 

J Vi/j l V$ l exp (| ifrf 5 P +l5 DP^ 

= J Vq L Vq L VQ R VQ L exp J qP + ^-Lj DP_q + J QP + -L- ls p +l5 Q (2.77) 

where the action for q and q formally retains the form before the CP transformation, 
though the definitions of q and q in terms of ip and ip are not the same as before. To 
the extent one can define the left-hand side consistently, one can define the right-hand 
side consistently except for topological properties. The source terms and the resulting 
propagator, which need to be defined in terms of the local variables ip and ip, however 
change under the CP transformation as in (2.70). We re-iterate that the variables q and q 
cannot describe the essential properties such as the fermion number non-conservation and 
chirality selection rules (in vector- like theory), which are described by the local variables 
ip and ip. 

The same conclusion is obtained, namely, CP non-invariance of the action, for the 
"fermionic" representation of the domain wall fermion 

C L = J qP + D-^-P_q + J SP_ l5 r 5 P_S (2.78) 

if one assigns the natural CP transformation law 

S -> S T W, 

S -> -W- 1 S T (2.79) 
which keeps the vector-like theory invariant. We then have 

(wP- 1 sTf > P_w- 1 ) T = l5 P +l5l5 r 5 p + = P-7 5 r 5 A + l5 r 2 5 + p_ 75 r 5 P- (2.80) 

which is again interpreted as a change of representation of lattice chiral theory based on 
the same vector-like theory. 



Modified lattice CP for Ginsparg- Wilson opera- 
tors 



The part of the Lagrangian for chiral domain wall fermions in (2.71), which includes the 
light variables q and q, is invariant under CP transformation. This property together with 
q = 'y^T^ip and q = suggest a modified lattice CP transformation (which is fixed by 
first going to q and then coming back to ip after CP operation) 



^Pl = 

*Pl = 



p^i) 
*pp + 



1 



7 5 r 5 (c/) 



i>T = b^{u)i> L \ T w 



(3.1) 
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for the chiral theory defined in terms of the Ginsparg- Wilson fermion 

C L = i, L D^ L = ^-±^D 1 -^^. (3.2) 

One can confirm that the chiral Lagrangian is invariant under the above modified lattice 
CP transformation. If one establishes that the Jacobian for the above modified CP trans- 
formation gives unity, all the effects of CP violation (or abnormal C) effects appear in the 
propagator, which is derived by considering source terms (2.29) for ipi and ipi, 



JjCZrce = J[V C R V L P + t C L P V C R P ] 



[VR75^5(U)ip L + ip L ———ri R }, (3.3) 
and the propagator becomes after CP transformation 

(75r5)/> 4 p +(^b = * (3 - 4 > 

in pure chiral gauge theory, to be consistent with our previous result ||. We here assumed 
the natural CP transformation for the source functions, fju — > rf^W and 7]r — > —W^ff^. 

This analysis turned out to be rather limited in its scope and it is applicable only to 
the topologically trivial sector, as it is directly related to the domain wall representation. 
It is, however, nice to examine the modified lattice CP transformation, since, after all, 
the invention of a lattice version of chiral transformation was the starting point of the 
analysis of lattice chiral gauge theory. Also, this analysis illustrates an alternative picture 
about what is going on in the analysis of CP symmetry, together with general topological 
complications associated with the transformation which keeps action invariant. 

In passing, we note that the vector-like theory defined by the Ginsparg- Wilson fermion 
is invariant under the modified CP transformation 

— = -w- 1 U^-\ , $ - ^ T ( 75 r 5 ) T ^ = (^v^fw (3.5) 
Tsrs V 75r5/ 

and the Jacobian for this transformation is unity up to the possible singularity associated 
with l/(7 5 r 5 ). 

We now present a precise analysis of the Jacobian factor associated with the above 
modified CP transformation in chiral gauge theory, and show that we arrive at precisely 
the same conclusion, at least in the topologically trivial sector, as in our previous analysis 
based on the more conventional CP transformation ||. The analysis in this section also 
provides some of the mathematical details briefly sketched in the previous section. 

We start with the definition of expectation values in the fermion sector of the chiral 
gauge theory 

(O) = J V^ L V^ L Oexp^J i> L D^ (3.6) 

and 
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In this expression, Cj and c k are the expansion coefficients of fermion fields: 
Mx) = ^2vj(x)cj, cj = (vj,ip L ) = a A ^v)(x)i) L (x) 



and 



^l(x) =J2c k v k (x), c k = (tpL,vl) = a*J2^L(x)vl(x). 



Basic requirements for the (ideal) basis vectors are 

P-Vj = Vj, (vj,v k ) = 5 jk 

and 

v k P + =v k , {v],v[) = 5 jk 



(3.8) 
(3.9) 

(3.10) 

(3.11) 
(3.12) 



so that 

P-i) L = ip L , i) L p+ = i) L . 

Let us consider how (O) changes under the CP transformation of the gauge field, 
U — > U CP . The above framework gives 



(O) (U CP ) = I V^Vffi O cp exp [| ^ p D{U CP )i, 



CP 
L 



and 



j k 

Here the expansion coefficients are defined by 



and 



k 



c r = (^ CPt ,^ CPt ). 



The (ideal) basis vectors satisfy 



P4u CP )vf p = vf p , K->n = * 



CP „.CP^ 



>jk 



and 



7l CPp _ -CP /-CPf -CPtxr 

In what follows, we take basis vectors as 



^ P = % 



(3.13) 
(3.14) 

(3.15) 
(3.16) 

(3.17) 
(3.18) 

(3.19) 



because both satisfy the same chirality constraint that is independent of gauge fields. 
We thus examine the following modified substitution rule 



1 



7 5 r 5 (^) 



-E rl 

k 



v k 



1 



7 5 r 5 (^) 



(3.20) 
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and 



CP 



(3.21) 



This substitution is in fact consistent with the chirality constraint, P_([/ CP )^ P = ip2 P 
and ipi P P+ = ^l P - Moreover, the action takes the form identical to the original one under 
this substitution, as we already noted. The appearance of the singular factor l/(7 5 r 5 ) 
is consistent with our "no-go theorem" 0. The question related to the existence of the 
inverse 1/(75^) is discussed later. These observations show that we should consider a 
change of integration variables from (c^ p ,c^ p ) to (cj-,c&). These two sets are connected 

by 



„cp 



1 T 



V k (X 



75r 5 



Cfc 



and 



Ck P = T, ai T,h^ 5 v j (x)] T Wvt(x)c 3 



This transformation is however regular only if Tr Ts = n + — n_ = 0, because 



# of cf p - # of c k = Tr P_(f/ CP ) - Tr P+ = Tr P+(U) - Tr P+ = Tr T 5 



and 



(3.22) 
(3.23) 

(3.24) 
(3.25) 



# of - # of Cj = Tr P+ - Tr P = Tr T 5 . 

So we assume Tr T 5 = n + — n_ = in what follows; this is also necessary (though not 
sufficient) for the existence of the inverse of 75r 5 . 
By defining 

Ildcf ridcT = J- 1 Y[dc J Y[dc k (3.26) 

j k j k 

we have 



Vk(X y 



75^ 



J = det j -a 4 ^vf P \x)W- 1 

= det|a 4 X:[7 5 r5^(x)] T ^(x)|det 
= det{-a 4 ^[ 75 r 5 ^(x)] T VyP + ^(Vy 

I x 75J- 5 



det<ja 4 ]>> 5 r 5 ^(x)] T W< 



x 



Y,Vk(x)^-(W-Tvf*(x) 

x 7sr 5 



det^-a 4 ^^^)^- 1 

X 



PJ^ T 75 r 5 (f/)^(x) 



det 



-a 4 $^ Pt (x) 



7 5 r 5 (c/) 
7 5 r 5 (f/)f i: (x 



CP 



(3.27) 



where we have used J2k v k( x ) v k(y) — P+&x, y in deriving the third line, and W T = W 
and P_75r 5 = 7 5 r 5 P_ in the forth line. 
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Clearly, whether the Jacobian J is unity or not depends on the relation between v k 
and which may be quite arbitrary (because these refer to different gauge fields, U 
and U CF , respectively). To investigate a minimal condition on v k and v j" p such that J = 1, 
we consider an infinitesimal variation of the gauge field specified by 

5 V U (x, fi) = ari^(x)U(x, fi). (3.28) 

Under this variation, the Jacobian J = detM changes as 5 v \nJ = tr5 v MM~ 1 , where 

6 v M jk = -a i Y, 6 v v f P \ x )^^f^^5(U)v k (x) 

+a 4 ^ ^r t ( x ) 75r5 (Vcp) 75 ^ r5 ^ CF ) 75 r 5 (V cp ) 75r5([/) ' ;fc(:r) 

-a 4 vf P \x) ^ T J uCp ^ 5 5 v T 5 {U)v k {x) 

-a 4 ]>>f V) 1 l5 T,{U)5,v k {x) (3.29) 



and 



M k l = (v k , 7 - r ^7)^r 5 (^ CP )^ CP ). (3.30) 



Using Y.Mx^Ay) = P-(U)(x,y), E,vf p (x)vf P \y) = P_(f/ CP )(x, y) and 



^^r^)^) = P-^^^l^iU) (3.31) 

together with eq. (2.45), we arrive at 

<f„lnJ= -iC v + iCf -^Trr 5 (C/) (3.32) 
where and £^ p are so-called measure terms [|TT|]— : 

= i J2( Vj , 5^), Cf = i , 8 v vf) (3.33) 
i j 

which specify how the fermion path integral measure changes according to a change of 
gauge fields. 

Recalling that Tr T 5 is an integer which cannot change under an infinitesimal variation 
of the gauge field (or simply that we have set TrTs = 0), we see that the necessary 
condition for J = 1 is £^ p = C v . Namely, for the CP invariance, the (ideal) basis 
vectors have to be chosen such that £^ p = C v . Conversely, if £^ p = C v , we see that 
the Jacobian J is a constant which can depend only on the topological properties of each 
sector. In the vacuum sector, in which the vacuum Uq — 1 is contained, we can determine 
this constant and obtain J = 1 because Uq P = 1 = U . So, for the vacuum sector, 
£^ p = C v implies J = 1. 
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In our previous work, we have shown that the conditions on the ideal measure factor 
(which appear in the reconstruction theorem of chiral gauge theory [|ll|, |l^]) are consistent 



with the choice 



C v [[3] . The unit Jacobian condition (in the vacuum sector) is thus 



equivalent to the existence of the ideal measure factor in this sense. 

In fact, the CP invariance in the sense that we can ignore the Jacobian associated with 
the above modified CP transformation is shown more generally, when there is no modes 
such that 7 5 r 5 \l/(x) = 0, namely, iV + = AL = 0. In this case, one can show that the 
Jacobian is a pure-phase, J = e %e . With the CP invariant choice of the fermion measure 
terms, = C v , the phase 9 is a constant depending only on the topological sector, 
as we have shown above. Such a constant breaking of CP, however, may be re-absorbed 
into the basis vectors Vj and v*f p (this operation does not change the measure terms), or 
equivalently may be absorbed into the phase factor $m for each topological sector. This 
apparent CP breaking is thus harmless. This is completely consistent with our result in 
the previous work [[|] where the CP invariance of path integral (in the topologically trivial 
sector) except for propagators is shown. We present the proof of the above statement 
below. 

Proof of \J\ 2 = 1: 

Our Jacobian factor J is expressed as 



J = det 



I>? Pt ( x ) 



7 5 r 5 (t/ CP ) 



t k (x) 



det 



x 



(3.34) 



where {tj(x)} is any orthonormal complete set of vectors such that P-tj = tj. First, one 
can easily see that \J\ 2 is invariant under a unitary transformation of bases, f^ p and Vj. 
We may therefore choose any bases (as long as they are consistent with the chirality 
constraints) in evaluating | J\ 2 . A convenient choice is the "auxiliary basis" defined by H: 



Vj(x) = Wj(x) = P_Mj(x), (Wj, w k ) = 5 jk 



or more explicitly, 

which satisfies H 2 Wj = 0, and 



Wj = (p 



(3.35) 
(3.36) 



1 



16'.; 



2[1-A,/(A J 2 ) 



yi-X 2 f 2 (\ 2 ) Vl - [1 - A ; /(Aj)^} (3.37) 



which satisfies H 2 Wj = X 2 Wj. (We use basically half of the eigenstates of H.) See Ap- 
pendix for notational conventions. Similarly we set 

vf P (x) = wf p (x) = P„(U cp )uf p (x), (wf p , Wfc CP ) = 8 jk (3.38) 

where uf p (x) is the eigenfunction of H 2 (U CP ), H 2 (U CP )uf p (x) = \f p2 uf p (x). We also 



use 



tj(x) = P-Uj(x) 



(tj, t k ) — 5j k 



(3.39) 
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namely, 

tj = if, (3.40) 



and 



2[l-X,f(Xj 



{\ 1 Aj/ 2 (Aj) 7 :, - [1 + Xjf (Xjm} ■ (3.41) 



When there is no modes such that 7sr 5 \l/(x) = 0, the above vectors span complete 
sets in the space restricted by the chirality constraints. Then, using properties of T 5 , it 
is straightforward to see that 



a 4 



J2t](x) l5 T 5 (U)v k (x) = y/l-\ 2 jP(Xj)5 jk (3.42) 

x 

and 

a 4 yV CPt (:c) - / rrrP x *fc(g) = / s r ^fc- ( 3 - 43 ) 
r J 7 5 r 5 (f/ CP ) ^l-AfV^Af 2 ) 

Therefore, we have 

J = — ^ i v j;j 9 . 3.44 

n fc [i-AF 2 / 2 (Ar 2 )] 

This combination is, however, unity because for Xj ^ (and for Xj ^ A, which is our 
assumption), the eigenvalues are degenerate as Xj = A^ p2 , as one can confirm by using 
the relations in Appendix and eq. (2.45). 

4 CP (or C) transformation and Yukawa couplings 

The CP symmetry is of course broken in the presence of the Higgs coupling in chiral gauge 
theory. For example,i 

C = ^ L D{U 1 )^ L + ^ R D(U 2 )^ R + 2g{4 !L ^ R + ^ R <P^ L ) 
= ^P + D(U l )P.(U 1 )^ + ^P.D{U 2 )P + (U 2 )^ 

+2g [4>P + <pP + (U 2 )i) + ViP_0 t P_([/ 1 )V] (4.1) 

where CP is broken not only in the kinetic term but also in the Higgs couplings. Under 
the CP transformation, 



(4.2) 



9 We assume that the left-handed fermion tpL(x) belongs to the representation Rl of the gauge group 
and the right-handed fermion ipn(x) belongs to Rr (the Higgs field <p(x) transforms as Rl ® (Rr)*). The 
gauge couplings in the Dirac operators D(U\) and D(U2), and correspondingly in P-{Ui) and P+{U2), 
are thus defined with respect to the representations Rl and Rr, respectively. 
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this Lagrangian is transformed to 



C 



CP 



^ 75j P + (C/ 1 ) 75J D(i7 1 )P_V + $ lh P-(U 2 ) l5 D(U 2 )P + il) 
+2g ^P+iU^P^ + ^7 fi P-(£7 2 )7fi0tp_^ . 



(4.3) 



This is again interpreted as a change of representation of chiral projection operators, from 
P± and P± to 75-P±75 and P±, constructed from a vector-like Ginsparg- Wilson theory if 
one introduces two sets of fermion fields ip^ and ijj^ in eq. (4.1) 



P-(W (1) , 

£ + (W (2) , 



:^ 2 )P_. 



(4.4) 



In a perturbative treatment of the Higgs coupling, the analysis of CP symmetry becomes 
identical to that of the pure chiral gauge theory, as was shown elsewhere [[|. For a non- 
perturbative treatment of the Higgs coupling but in the topologically trivial sector, one 
can use the modified CP transformation motivated by the domain wall fermion, 



IpR 
4>R 



CP 
L 



-W 



i 



J 7 5 r 5 (t/i) 
h 5 r 5 (uM T w, 
i 



—W~ 



R- 



7 5 r 5 (c/ 2 ) 

[75^(^2)^ 



(4.5) 



which keeps the action (4.1) invariant. The invariance of the Higgs coupling is confirmed 
by noting, for example, 



- [7 5 r 5 (f/i)^] i H/p + 0*p +7 5r 5 (f/ 2 CP )^- 1 



R 



75^(^2 



-[7 5 r 5 (c/i)V£ 
^p_0 t P_ 7 5r 5 (f/i)^L 

$ R P^P_{U X )^ L 



T WP+(j)*P + W- 1 ip T R 



(4.6) 



where we used P + P + (U [ 



P + P +75 r 5 ([/ 2 CP ) and P_P_7 5 r 5 (^i) = P-P-{U X ). We can 



thus repeat the analysis of the previous section and confirm that the path integral is 
invariant under the modified CP transformation except for the propagators which are 
determined by the source terms. The essence of CP analysis in the domain wall represen- 
tation is included in this analysis. 

It would be interesting if one can generally establish the CP invariance except for the 
propagators 



D{U{) - 2#-^2#t 
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x 7 £>(#i) - 2g(j>- B ^2g<p D(U 2 ) 

(Mx)My)) = P + (u 2 ) 1 x p., 

(M*)My)) = -P + (U 2 ) —— 1 t 2g<p-}—P + , (4.7) 
\ / L>([/ 2 ) - 2g^- m jj r) 2g(j) D(U X ) 

which depend on the specific choice of chiral projection operators P± and P± as in (4.7) 
(or 75-P±75 and P± after CP transformation), after summing over the topological sectors 
but without using the explicit diagonal representation of the action (which was used in 
our previous paper |J). 

It is shown that CP is broken even in the vector-like theory in the presence of chiral 
symmetric Yukawa couplings. For example, one may consider a theory with Abelian flavor 
symmetry (by using P±P± = -P±75P5) 

C = iJ R Dip R + ip L Dip L - m (ipRipL + iPl*Pr) + 2g {^l^r + $r4>Hl) 
= ijDtfj - rmp~f 5 T 5 ip + 2g$ (P+<f>P+ + P-(f) ] P-) ip 

= $DiP - m^7 5 r 5 V + 2# (P+</>P+ + P-^P-) 75 r5^. (4.8) 
The Yukawa coupling in this Lagrangian is not invariant under CP transformation^ 

WDiu^w- 1 = D(uf, w lh v,{u cp )w- x = [7 5 r 5 (f/)] T , 

W0W- 1 = (f)*. (4.9) 

This non-invariance arises from 

[75,7 5 r 5 ]^0, [0(x),7 5 r 5 ] ^0. (4.10) 

For a real constant 0, these conditions are cleared, and the Yukawa coupling is reduced 
to the mass term. The above CP non-invariance is of course interpreted as a change from 
one representation of lattice chiral projectors to another, just as we discussed in the case 
of pure chiral gauge theory. 

One can re-write the above Lagrangian in terms of the domain wall fermion as 

£ = qD-^—q-mqq + 2gq(P + <pP + + P_^P\q + Q-^—Q (4.11) 

75r 5 v ' 75r 5 

which is invariant under CP transformation 

q -> q T W } q -> -W^f, 
Q -> Q T W, Q -> -W- l Q T , 

WD^U^W- 1 = D(U) T , W^T b {U cv )W- 1 = [7 5 r 5 (f/)] T , 

W<j)W- 1 = (j>* (4.12) 



-'Under parity we have <f> — ► <f>*, and thus under CP we have 
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if one notes that the overall signature of the last term in eq. (4.11) is immaterial. 

To see the breaking of CP symmetry in this context of the domain wall representation, 
we introduce the source terms for the fermion fields which specifies general correlation 
functions. For the local Ginsparg- Wilson variables, we have 

J ^source = / (f/^ + #) ( 4 -13) 

which is invariant under CP transformation 

i) -> i) T w, i) -> -w- x i) T , 

rj^nlw, n^-w^C (4.14) 

The source terms are translated in the language of the domain wall fermion as 



^source = J \qv + V^rqj ( 4 - 15 ) 

which is transformed under CP symmetry 

q -> q T W, q -> -W~ l q T (4.16) 

to 

q—frriw + rj w q) . (4.17) 

To recover the original source terms,0 we need to perform the re-definition of field vari- 
ables 

Q -» — p-g, 9 -» Ql5^5 (4.18) 

but the Yukawa coupling is not invariant under this re-definition because of [75, 7srs] 7^ 
and [0(x),7 5 r 5 ] 7^ 0. The propagator is thus modified under CP as 

1 1 



D/( l5 T 5 ) - m + 2g(P + <pP + + P_0tp_) 7s r 5 

, 1 1 / 
^ x — 77 v } 1 — r. (4.19) 

We arrive at the same conclusion by using the fermionic representation of the domain 
wall fermion with a chiral symmetric Yukawa coupling 

C = qD—-q-mqq + 2gq-(P + <f)P + + P^P_)q + S 1 sFsS (4.20) 

75r5 

if one assigns CP transformation 

S -> S T W, S -> -W^fF. (4.21) 

The action is invariant under CP transformation, but to keep the source terms invari- 
ant one needs to perform a field re-definition which is not compatible with the Yukawa 
coupling. 



11 This complication does not appear to be resolved by an argument of the use of equations of motion 
for external field lines in the non-perturbative treatment of the Yukawa coupling. See ref. Q . 
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5 Majorana fermion 



The above complication of CP symmetry (or equivalently charge conjugation symmetry 
since the parity is normal in the above model) for the vector-like theory with the chiral 
invariant Yukawa coupling gives rise to a difficulty in defining Majorana fermions in a 



Euclidean sense M, E3j. Following the standard procedure, we replace the field variables [36 
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V' = (x + ^)/v / 2, 

^ = (X T C - iv T C)/V2 (5.1) 
in the Lagrangian written in the Ginsparg- Wilson fermions. We naively expectlll 

£ = ^x T CDx~^mx T C l5 T 5X + gx T C(P + ^P + + P-^P-)x 

+ ^r] T CDr] - ~mr) T Cj 5 r B r) + gr] T C (P+</P+ + P_0 f P_) rj. (5.2) 

One would then define the Majorana fermion x ( or v) an d the resulting Pfaffian. But 
this actually fails since the cross terms between x an d T] do not quite vanish due to the 
complications in the charge conjugation. 

If one uses the domain wall fermion with "fermionic" variables, one may make the 
replacement^ 

q = ( x + irj)/V2, 

q = (fC - m T C) /V2, 

S=(\ + ip)/V2, 

S = (\ T C - ip T c) /V2. (5.3) 
One can then define the Majorana fermions x or V (and A or p) by 

£ = \x T CD^x-\rnx T Cx + 9X T C{P + <pP + + P-<P ] P-)x 

+ lv T CD^— V - lmr] T Cr] + grfC (P+0P+ + P-0 f P- 
2 7 5 r 5 2 v 

+^A T C 75 r 5 A + ^p T C 75 r 5 p, (5.4) 



namely, one may define a Majorana fermion by 

Cm = lx T CD^-x-lrn X T Cx + gx T C(P + ^P + + P-^P^ 



X 



i 7 5 r 5 

+^A T C 75 r 5 A. (5.5) 



12 If (CO) T = —CO or equivalently COC^ 1 = O t for a general operator O, the cross term vanishes 
r] T COx — y^COr] = by using the anti-commuting property of \ an< i V- I n the presence of background 
gauge field, we assume that the representation of gauge symmetry is real. 

13 The Majorana reduction of the bosonic fermion Q in the conventional domain wall fermion is non- 
trivial, since J A T C^p^\ = for a bosonic spinor. 
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This theory is however non-local due to the singularities in l/(7 5 r 5 ). 

In the level of path integral, one may modify the above Lagrangian by writing 



V X V\ exp [j C M j 

■ J v x ex p{/ \x t cd x - ^mx T Ci 5 r 5 x 



+gx T c^rl (p + 0P + + p_0t P _) ^F 5X ] } (5.6) 



where we made a formal rescaling 



X 



(5.7) 



This rescaling formally removes the singular factor l/(7 5 r 5 ) and makes the auxiliary 
fermion A decouple. This final path integral is however not what we expect for the 
Ginsparg- Wilson fermion because of [75,751^5] 7^ and [0(x),75r 5 ] 7^ 0, which caused the 
failure of the charge conjugation symmetry. As for the Pfafnan and the determinant factor 
without the external fermion lines, one may adopt the above definition of the Majorana 
fermion, which is consistent up to a possible non-locality arising from VTsTs- 

A difficulty in defining the Majorana fermion is clearly seen when one considers the 
source terms for the Ginsparg- Wilson fermion, as we did in the analysis of CP symmetry, 



where the Majorana sources are defined by 

J=(Ji+ U 2 )/V2, J = (J?C - UJC) /V2. 



(5.8) 



(5.9) 

The derivatives with respect to the source J\ give rise to correlation functions of the 
would-be Majorana fermion x, which we failed to define for the Ginsparg- Wilson fermion. 
The corresponding source terms for the domain wall fermion are given by 




C-% 



C + i 



1 - 



1 - 




C\Jo 



(5.10) 



where we used the variables supposed to describe Majorana fermions in the domain wall 
representation (5.4). This expression of source terms shows that neither of the Majo- 
rana fermions, x an d ?7, defined by the domain wall fermion correspond to the Majorana 
fermion generated by the source Ji, for example. Besides, the correlation functions gen- 
erated by differentiating with respect to J\ contain the species-doubler poles in l/(7 5 r 5 ). 
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This shows that we cannot define the Majorana fermion consistently for physical processes 
in the presence of the chiral symmetric Yukawa coupling. The conflict among chiral sym- 
metry, strict locality and Majorana condition persists. The condition for the presence of 
Majorana fermions is in a sense more demanding than the CP invariance. The Majo- 
rana fermion requires a Lagrangian self-symmetric under charge conjugation, while CP 
symmetry requires the invariance of the path integral after summing over all topological 
sectors. 

In a supersymmetric Wess-Zumino model on the lattice, one needs to define the 
constraint-free Majorana fermion.0 A past attempt to define the Wess-Zumino model 
is given by § 

Avz = \x T C^-Dx-^DW^ + F^F+ l -mx T Cx + m\F^+{F^' 

2 75^-5 I5 2 1 J 

+g X T C (P + <PP + + P_0tp_) x + g [Ftf + (F^y] (5.11) 

where <fi stands for the complex scalar field and F for the auxiliary field. The operator D 
is the (free) Ginsparg- Wilson operator, and when D^D appears in the bosonic sector we 
adopt the convention to discard the (unit) Dirac matrix. The Majorana fermion x and its 
Yukawa couplings are the same as those we find for the above domain wall representation. 
However, a crucial difference is that the Pauli-Villars field S is now replaced by the 
"physical" field F. For this reason, we regard the field x m Avz as a primary definition 
of the Majorana fermion, though it is defined by a non-local Lagrangian. The singular 
factor l/(7 5 r 5 ) for the Majorana fermion is canceled by the same factor coming from the 
auxiliary field F^[l/(Tf)]F. In fact one can confirm that the free part of £wz is invariant 



under a lattice version of supersymmetry [30 



5 X = -T 5 -H(A - t l5 B)e - (F — i l5 G)e, 
a 

5 A = e T C X = X T Ce, 

5B = -ie T C^x = -ix T C-y5£, 

6F = e T CT 5 -H X , 
a 

5G = it T CTs-H lbX (5.12) 
a 

with a constant Majorana-type Grassmann parameter e. Here we defined 

cj>^-L(A + iB), F^±={F-iG) (5.13) 

and H = a^ 5 D. This construction of £wz is not completely satisfactory, but it may be 
amusing to see that a certain aspect of the domain wall fermion may play an essential 
role in the construction of Majorana fermions. 



14 If one uses the Weyl fermion defined by the Ginsparg- Wilson operator, the constant spinor param- 
eter appearing in supersymmetry transformation is constrained by projection operators. This leads to 
complications, in particular, in the presence of the background gauge field. 
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6 Discussion 



We have examined the CP properties of a domain wall fermion where light field variables 
q and q and the Pauli-Villars fields Q and Q are used. It was first shown that the variables 
q L and q h cannot describe the topological properties, and the full physical contents are 
only described by the local Ginsparg- Wilson variables ipi and i\) L . The domain wall 
variables q and q in the infinite flavor limit, which themselves exhibit nice CP and charge 
conjugation properties, cannot help to resolve the difficulty associated with CP symmetry 
in chiral gauge theory jl] and the failure of the Majorana condition in the presence of 
chiral symmetric Yukawa couplings ||. 

The conflict among the good chiral property, strict locality and CP (or charge conjuga- 
tion) symmetry thus persists. The CP transformation sends one representation of lattice 
chiral gauge theory into another representation of lattice chiral gauge theory, which are 
constructed from the same vector-like theory defined by the Ginsparg- Wilson operator 
D. The violation of CP symmetry in the Lagrangian level is partly resolved by sum- 
ming over various topological sectors [[|, and the CP non-invariance is manifested by the 
change of propagators. In the presence of Higgs couplings, the complications with CP 
symmetry become more involved since the chiral projection operators are determined by 
the Ginsparg- Wilson operator which depends only on the gauge field whereas the non- 
perturbative fermion propagator contains Higgs couplings as well. As for a definition of 
Majorana fermions in the presence of chiral symmetric Yukawa couplings, an action which 
is symmetric under the charge conjugation is required. The Ginsparg- Wilson fermions 
cannot be used in this context. As a tentative (and not complete) resolution of this con- 
flict, we mentioned a use of the domain wall-like representation for the supersymmetric 
Wess-Zumino model where the auxiliary field F plays a role of the Pauli-Villars fields. 

We have analyzed only the infinite flavor limit N — > oo in the domain wall fermion, 
where chiral symmetry is well-defined. It will be interesting to examine if the above conflict 
is already seen for the finite N domain wall fermion where the operator Djj/(1 — aD^) is 
local (see Ref. [39] for the locality of -Djv), though precise chiral symmetry is not defined.!^ 



Our analysis of various complications is based on the singular behavior of 

1 1 



75 r 5 1 - aD{ l5 aD) 2k 



(6.1) 



in the context of general Ginsparg- Wilson operators. This factor contains poles at the po- 
sitions of the would-be species doublers which have a mass 1/a in the case of free fermions, 
and topological poles in the presence of instantons. This mass value approaches oo in the 
limit a — > 0, and those particles are naively expected to decouple from the Hilbert space 
in the same limit. The singularity at 1/a causes non-locality in a strict sense and thus 



cannot be consistent in all respects [40|, but one might hope that the singularity may not 



be so serious in a suitable limit a — > in some practical applications. This issue may 



15 One may, for example, argue that the domain wall variables qL and q~L, which become non-local and 
cannot describe topological properties in the limit N = oo, are not the suitable variables to describe 
physical correlation functions even for finite N, to the extent that the finite N theory is intended to be 
an approximation to the theory with N = oo. 



29 



deserve further analyses and, in any case, would lead to a better understanding of the 

domain wall fermion. 
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A Representation of the Ginsparg- Wilson algebra 

We here summarize the representation of the general Ginsparg- Wilson relation 0. [3|] 
if 75 + = 2H 2 f (H 2 ) . Let us consider the eigenvalue problem 

Htp n (x) = \ n ip n (x), (tp n ,tp m ) = 5 nm . (A.l) 

We first note HT 5 ip n (x) = —Y^,Hip n {x) = —X n T 5 ip n (x), and 

(I> B , Y^ m ) = [1 - \lf{\l)]8 nm . (A.2) 

These relations show that eigenf unctions with A n ^ and A„/(A^) ^ ±1 come in pairs as 
\ n and — A n (when A n = 0, (po(x) and T 5 ip (x) are not necessarily linearly independent). 
We can thus classify eigenf unctions as follows: 

(i) A n = (Hipo(x) = 0). For this one may impose the chirality on <po(x) as 

75Vo 0) = F 5 <^o ( x ) = ±^o ( x )- ( A - 3 ) 

We denote the number of y?o (x) ((Pq(x)) as n + (n_). 

(ii) A n 7^ and A n /(A^) ^ ±1. As shown above, 

Hip n (x) = \ n ip n (x), H(p n (x) = -\ n (p n (x), (A.4) 

where ^ 

ip n (x) = =T 5 ip n (x). (A. 5) 

We have 

T^ n (x) = sJl-\lP{\l)(p n {x), T^ n (x) = y/l-\lf*(\*)<p n (x), (A.6) 

and 

l5<Pn(x) = yjl - \ 2 J 2 (\ 2 n )<p n (x) + \ n f(\ 2 n )ip n (x), 

l^n(x) = - Kf{^l)lpn{x). (A.7) 

(iii) \ n f{\ 2 n ) = ±1, or 

H*±(x) = ±A^ ± (x), A/(A 2 ) = 1. (A.8) 
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In this case we see 
and 



r 5 ^ ± (x) = o, 



(A.9) 



75 ^ ± (x) = ±A/(A 2 )^ ± (x) = ±tf ± (z). (A.10) 
We denote the number of ^+(x) as N + (iV_). From the relation Tr7 5 = valid 



on the lattice, one can derive the chirality sum rule |32| , |33 

n_ + N+ - AL = 0. 



(A.ll) 



The explicit form of the operator H is known for f(H 2 ) = H 2k with non- negative inte- 



gers k [15 



Note added 

We have emphasized that the free fermion operator 1/(1 — aD(^ 5 aD) 2k ) in (6.1) contains 
poles at the positions of would-be species doublers. The operator 1/(1 — aD{^/^aD) 2k ) 
could contain poles even in the presence of topologically trivial gauge fields. See, for 
example, ||41||. If the functional measure of topologically trivial gauge fields which give 
rise to the possible poles is substantial, the domain wall representation not only for chiral 
theory but also for vector-like theory would be significantly influenced. 
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